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Numerical Simulation of Wake Vortex Detection
Using a Radio Acoustic Sounding System

Said Boluriaan and Philip J. Morris†

Pennsylvania State University, University Park, Pennsylvania 16802

A parallel, two-dimensional Euler, one-dimensional Maxwell code is developed to numerically simulate wake
vortex detection using a radio acoustic sounding system. The code is written in Fortran 90 with the message
passing interface for parallel implementation. The main dif� culty with a time-accurate simulation is the number
of samples required to resolve the Doppler shift in the scattered electromagnetic signal. Even for a one-dimensional
simulation with typical scatterer size, the CPU time required to run the code is far beyond currently available
computer resources. Two alternatives that overcome this problem are described. In the � rst, the code is run for
a � ctitious speed of light. Second, the governing differential equations are recast in order to remove the carrier
frequency and solve only for the frequency shift using an implicit scheme with large time steps. The numerical
stability characteristics of the resulting discretized equation with complex coef� cients are shown. The code is run
for both the approaches with Taylor and Oseen vortex velocity pro� les. Finally, the Abel transform is applied to
the outputs of both explicit and implicit schemes, and the wake vortex velocity � eld is retrieved with very good
accuracy.

I. Introduction

A LL aircraft generate trailing wake vortices. The productionof
these vortices is a consequence of the generation of lift. The

vortex generatedby a large aircraft can have a catastrophiceffect on
a small plane followingcloselybehind.The NationalTransportation
Safety Board, which is chargedwith investigatingaviationaccidents
and incidents, has reported that at least 51 wake vortex accidents
and incidents in the United States occurred between 1983 and 1993
(Ref. 1).

To ensure protectionagainst wake vortex encounters, the Federal
Aviation Administration has imposed a large separation distance
behind heavy aircraft during takeoff and landing operations. The
wake vortex separation standard is currently determined assuming
the worst wake vortex scenario and is considered to be very conser-
vative.For instance, it does not allow for the fact that crosswindscan
move wake vortices rapidly out of the glide slope. A wake vortex
detection system would increase airport productivity by measuring
the wake vortex strength in real time and allowing for an adaptive
spacing system to be employed.

A radio acoustic sounding system (RASS) is a remote sensing
technique that has been used to measure atmospheric temperature
and wind aloft. The concept of a RASS has been applied over the
past two decades to the measurement of atmospheric parameters
such as temperature, wind velocity, and the turbulence � eld.2 Re-
cently, RASS has received particular attention as a potential tool to
detect vortices behind aircraft in the vicinity of airports.3 The basic
concept is based on the tracking of sound waves with radar. When
acoustic waves with a frequency fa are transmitted, they propa-
gate at the speed of sound ca , producing periodic � uctuations in
the air permittivity pro� le with a scale of an acoustic wavelength,
k a ca / fa . A radar installed as part of the RASS with an elec-
tromagnetic wavelength k e illuminates the acoustic waves and re-
ceives an echo scattered by the permittivity � uctuations. However,
the changes are so slight that no signi� cant return signal would be
sensed unless the Bragg condition between the wavelength of the
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refractive index � uctuations and the radar wavelength is satis� ed.
The Bragg condition requires that the wavelength of the acoustic
wave k a be half that of the electromagneticwave k e, i.e., k a k e /2.

The spectrum of the scattered � eld shows a Doppler shift propor-
tional to the local speed of sound. In the presenceof an aircraftwake
vortex, the effective speed of acoustic propagation will change:

ca ca0 Vy (1)

where ca0 is the speed of sound at standard atmospheric conditions
and Vy is the local vortex velocity component in the transmitter
direction for a monostatic RASS con� guration, where the acoustic
source and electromagnetic transmitter and receiver are collocated.
Therefore, the scattered � eld spectrum contains information about
the vortex velocity pro� le. The main objective of the present study
is to reveal this information from the scattered � eld spectrum.

To date, the use of a RASS has focused on temperature and wind
velocity measurements. Most of the research in this area has been
experimental. Although there are a few wake vortex velocity mea-
surements using RASS, there have been no numerical simulations
of this application. The numerical simulation of a RASS permits
a detailed assessment of the ability of the system to measure the
propertiesof wake vortices including their strength(circulation), lo-
cation, radial extent, and maximum azimuthal velocity. In addition,
the sensitivity of the measurement system to changes in operating
parameters, environmental conditions, and distortions of the wake
vortex may also be assessed.

In almost all RASS analyses the permittivity perturbation has
beenmodeledby a periodicor simple stochasticfunctionto describe
the � uctuations of temperature, wind velocity, heat � ux, and the
effect of turbulence. No one has performed a direct computationof
permittivity � uctuationsbased on the � rst principle equations.This
is mainly because a direct computation of the acoustic � eld had
not been feasible, considering the enormous differencebetween the
acoustic and electromagnetic timescales.The major contributionof
the present work is the developmentof direct computation of wake
vortex detection using RASS. Two methods that can make such a
direct computation of a RASS feasible are proposed in this paper.

In the next section the basic equations for electromagnetic and
acousticwave propagationare presented.The Abel transformis also
described.The Abel transform is applied to the output of the RASS
simulationto retrievethe radial variationof the wake vortexvelocity.
The application of the Abel transform is not limited to the numer-
ical calculation and could be used in practice to retrieve the wake
vortexvelocity� eld.The numericalimplementationis then given in-
cluding a descriptionof the dif� culties in obtaining a time-accurate
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simulation and methods to overcome these dif� culties. This is fol-
lowed by some example results and conclusions.

II. Analysis
A RASS is a device that uses scatteringof electromagneticwaves

in a nonhomogeneousmedium enhancedby acousticwaves. There-
fore, Maxwell’s equations for media with nonuniform permittivity
and the linearizedEuler equationsfor media with nonuniformmean
� ow are the main framework for theRASS simulation.Furthermore,
the relationship between the permittivity perturbation and density
(or pressure) � uctuations has to be modeled. Each of these is dis-
cussed in the following sections.

A. Equations for Electromagnetic Wave Propagation and Scattering
The propagationand scattering of electromagneticwaves satisfy

the Maxwell equations.The Maxwell equationsfor a nonconductive
medium without charge can be written as

E
@B
@t

(2)

H
@D
@t

(3)

D 0 (4)

B 0 (5)

where

D ²E (6)

B l H (7)

andE is theelectric � eld intensityvector(V/m), H themagnetic� eld
intensity vector (A/m), D the electric displacementdensity (C/m2),
B the magnetic � ux density (T), ² the permittivity (F/m), and l the
permeability (H/m).

Therefore

E
@( l H)

@t
(8)

H
@(²E)

@t
(9)

These equations can be applied to the total � eld:

Et Ei Es

Ht Hi Hs

where the subscripts t , i , and s refer to total, incident, and scattered
� elds, respectively.Thus

Et
@( l Ht )

@t
(10)

Ht
@(²Et )

@t
(11)

The incident � eld satis� es the free space equations:

Ei l 0
@(Hi )

@t
(12)

Hi ²0
@(Ei )

@t
(13)

Subtractingthe incident� eld [Eqs. (12) and (13)] from the total � eld
[Eqs. (10) and (11)] yields

Es
@

@t
( l Hs )

@

@t
[( l l 0 )Hi ] (14)

Hs
@

@t
(²Es )

@

@t
[(² ²0)Ei ] (15)

These are the basic equations for the scattered � eld. To eliminate
Hs , take the curl of Eq. (14):

( Es )
@

@t
[( ( l Hs )]

@

@t
[( l l 0)Hi ] (16)

It is assumed that l is constant throughout the scattered � eld. In
fact, experimental evidence shows that the permeability remains
the same as for free space. Therefore, l l 0 . Then if Hs is
substituted from Eq. (15);

( Es )
2Es l

@2

@t 2
(²Es ) l

@2

@t2
[(² ²0)Ei ] (17)

where, in Eq. (17), the vector identity ( Es ) ( Es )
2Es has been used.
The local change in density and temperature gives rise to a vari-

ation in the permittivity of the medium. So, the timescale of the
electromagnetic (EM) � eld is much shorter than the timescale for a
change in ² because the variation of permittivity is proportional to
the acoustic frequency. Therefore

( Es )
2Es

1
c2

@2Es

@t 2
l

@2

@t 2
( D ²Ei ) (18)

where c ( l 0²0) 1/ 2 is the speed of light and D ² ² ²0 . Equa-
tion (18) neglects multiple scattering.

B. Equations for Acoustic Wave Propagation
The propagationandscatteringof acousticwaves aredescribedby

the linearizedEuler equations.The two-dimensionalEulerequations
in conservative form can be written as

@Q
@t

@G
@x

@F
@y

S (19)

where

Q

q
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q et

, G

q u
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q uv

( q et p)u

, F

q v

q uv

q v2 p

( q et p)v

The variables q , p, and et are the density, pressure,and total energy,
respectively.The total energy is de� ned by

et cv T u 2 /2 (20)

where cv is the speci� c heat at constant volume; T is the temper-
ature; u is the velocity vector; and t , u, and v represent time and
the two Cartesian velocity components, respectively. In Eq. (19), S
represents the acoustic source terms.

In linearacousticsall physicalvariablesare decomposedinto their
mean parts and perturbationquantities.These perturbationsare very
small so that second-order products of these quantities may be ig-
nored. By substitution of the physical variables into Eq. (19) and
neglecting all second-order and higher-order terms of perturbation
quantities, the linearized Euler equations can be obtained. In the
RASS simulation the acoustic source is located far from the vor-
tex center. Therefore, the mean � ow velocity in the vicinity of the
source is negligible.This makes it possibleto ignore the effect of the
source on the right-hand side of the momentum equations and also
allows the replacement of the right-hand side of the energy equa-
tion by c2

a0S, where ca0 is the free space soundspeed. The governing
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differential equations for a two-dimensional � ow with nonuniform
mean � ow quantities then become
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where an overbar indicates a mean quantity and primes denote � uc-
tuations about the mean.

In the present study the form of the acoustic source S(x , y, t ) is
taken to be

S(x , y, t ) n U (t ) exp r s (x x0)2 (y y0)2 sin x a t

(22)

where

U (t ) exp r t (t t0)2

and t0 is the pulse delay time; n , r s , and r t are parameters that
control the amplitude and the width of the pulse in space and time,
respectively.The acoustic frequency is x a and the source is located
at (x0 , y0 ).

C. Permittivity Variations in Atmosphere
According to Falcone,4 the permittivity in the atmosphere can be

written as

² 1 [(1.5514 10 6 p)/ T ] 1 [(4.8067 103 )/ T ]( pwv / p)

(23)

where T is the temperaturein Kelvin, p the total pressurein pascals,
and pwv is the partial pressure of water vapor, also in pascals. For a
dry atmosphere pwv 0, and this formula can be simpli� ed to

² 1 (1.5514 10 6 p)/ T (24)

Let T 300 K and p p p , where p and p are mean and
acoustic pressure, respectively. Also let ²0 be the permittivity of
free space, i.e., where p 0. Then

D ² ² ²0 5.1715 10 9 p (25)

where p is in pascals.
For a nondry atmosphere pwv can be approximated by5

pwv 461.4948T q v (26)

where q v is the absolutehumidity in kilograms/cubicmeters. In turn,
q v can be approximated by

q v (RH / 100) 10 3b exp c0 c1b c2b
2 , b (273.15/ T )

(27)

where RH is the relative humidity and

c0 18.9766, c1 14.9595, c2 2.4388

Equations (23–27) make it possible to determine the permittivity
perturbation D ² caused by pressure � uctuations with the effects of
mean temperature and humidity taken into account.

D. Vortex Models
The main objective of this paper is to reconstruct the velocity

pro� le of any prespeci� ed vortex throughan analysisof the electro-
magnetic backscatterer. To demonstrate that the RASS can distin-
guish between different wake vortex velocity pro� les, both Taylor
and Oseen vortices are considered as two typical cases. As noted
by de Neufville,6 the vorticity distribution of any incompressible
unsteady vortex may be written in terms of a linear combination of
various vortex modes. Oseen and Taylor vortices correspond to the
two leading modes in the general solution.

The Taylor vortex has the following tangential velocity pro� le7:

vh (H / 8 p )(r / m t 2) exp( r 2 / 4m t ) (28)

The constant H is a measure of the vortex strength; t , m , and r are
time, the kinematic viscosity, and the radial distance, respectively.
It is more convenient to write Eq. (28) in terms of core radius rc and
core velocity Vc:

v h / Vc (r / rc ) exp 1
2 1 (r / rc )2 (29)

The circulation of the Taylor vortex approaches zero when it
is calculated on a contour with large radius, and so it is not very
representative of an aircraft wake vortex. As just noted, it is used
here simply to demonstrate the capabilityof the RASS to determine
different tangential velocity pro� les.

An Oseen vortex is described by8

vh ( C /2 p r )[1 exp( r 2 /4 m t )] (30)

where C is a constant and represents the total circulation of the
vortex. In terms of core radius and velocity, an Oseen vortex can be
described by

vh / Vc a (rc / r ) 1 exp b (r rc )2 (31)

where a 1.397950 and b 1.256435 are chosen such that the
maximum velocity occurs at the core radius.

E. Abel Transform
The analysis of the EM scattered signal can only reveal the com-

ponent of the wake vortex velocity pro� le in the direction of the
incident radar beam. However, one can use this velocity informa-
tion and still retrieve the vortex velocity � eld. The problem of de-
termining a function f (x , y) from knowledge of its line integrals,
in the two-dimensionalcase, or a function f (x , y, z) from integrals
over planes, in the three-dimensionalcase, arises in widely diverse
� elds. The Abel transform and its inverse form the mathematical
framework common to this class of problems.

The Abel transform and its inverse can be expressed in terms of
the following integral relations9:

Q(x )
R

x

g(r ) dr

r 2 x2
(32)

g(r )
2
p

d

dr

R

r

x Q(x ) dx

x2 r 2

0 x r R (33)
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Fig. 1 Application of the Abel transform to wake vortex velocity.

Equation (33) may be written as

g(r )
2r

p

Q(R)

R2 r 2

R

r

Q (x ) dx

x2 r 2
(34)

where Q (x ) represents the derivative of Q(x ) with respect to x .
Now consider an axisymmetric vortex velocity � eld V (r ) in the

domain shown in Fig. 1. In the RASS measurements the Doppler
shift of the EM scattered � eld is not proportionalto the wake vortex
velocity,but to thewakevortexvelocitycomponentin the transmitter
direction, i.e., V (r )x / r , where r is the radial distance and x is the
radar beam location as shown in Fig. 1. Therefore,

Q(x )
Y (x )

Y (x )

x

r
V (r ) dy, 0 x R (35)

may be obtained for any given radar beam location x once the
backscattered echo is analyzed. This integral can also be written
in terms of the variable r for any given x :

Q(x )
x

2
R

r x

V (r ) dr

r 2 x2
(36)

Then from Eq. (33)

V (r )
1
p

d

dr

R

r

Q(x ) dx

x2 r 2
(37)

or equivalently from Eq. (34)

V (r )
1

p r

RQ(R)

R2 r 2

R

r

x Q (x ) dx

x2 r 2
(38)

If Q(x ) is known as a closed-formfunction,integrals (37) or (38)
can be evaluated, at least formally, to determine V (r ). In practice,
however, Q(x ) is available as a discrete data set, and a numerical
technique has to be used. Here, the numerical method proposed by
Nestor and Olsen10 has been applied.This method has been slightly
modi� ed to best � t the RASS application.

III. Numerical Implementation
The scatteringproblem is divided into two parts, namely acoustic

andelectromagneticscattering.In the � rst theacousticscattered� eld
is determined numerically. The linearized Euler equations are dis-
cretized using a fourth-order dispersion-relation-preserving (DRP)
algorithm11 in space and a fourth-order Runge–Kutta scheme in
time.

The interaction between the acoustic and electromagneticwaves
comes from the fact that the pressure � uctuations caused by the
propagation of the acoustic waves can perturb the permittivity in
the Maxwell’s equations. In fact, the pressure � uctuations act as a

forcing function for the scatteredEM � eld, as is clear from Eq. (18).
Once the acoustic � eld is reconstructedat any instant, the permittiv-
ity perturbation D ² and, therefore, the right-handside of Eq. (18) or
Eq. (48) is determined. Then, the electromagnetic scattering prob-
lem is solved using a second-order central difference scheme both
in space and time. No arti� cial dissipation is used in the Maxwell
solver. The incident � eld is speci� ed from an analytical solution.
Because the speeds of sound and light are so different, the medium,
includingthevortexand acoustic� eld, appearfrozen in time relative
to the electromagneticwave. Thus, the electromagneticwave is as-
sumed to be propagating through a stationary,nonuniformmedium.
In fact, few hundred iterations in the Maxwell solver take place
between each time step of the Euler calculation.

In both cases of acoustic and electromagnetic scattering, a radi-
ation boundary condition is used. For the Euler calculation the ra-
diation boundary condition developed by Tam and Webb11 is used.
For the Maxwell calculation the nonre� ecting boundary condition
described by Bayliss and Turkell12 is applied.

The numerical schemes that are used in this paper are well-
establishedschemes, and their various numerical aspects have been
examined in many publications including Tam and Webb’s original
paper on the DRP scheme11; therefore, they are not repeated here.
A comparison between a numerical solution of the RASS model
problem and its analytical solution has been given by Boluriaan,13

which shows a nearly perfectly agreement for the model problem
considered.

A. Computational Requirements for a Time-Accurate
RASS Simulation

The resolution of the discrete Fourier transform can be written
as 1/ N T Hz, where N is the number of samples and 1/ T is the
sampling rate in hertz. For the one-dimensionalRASS simulation

D x k e / M (39)

where M is the number of grid points per wavelength. Because the
Courant–Friedrichs–Lewy (CFL) number, denoted by r , is equal to
c D t / D x , then

D t r k e /cM (40)

or

sampling rate cM / r k e (41)

Because c k e fe , we obtain

resolution M fe / r N (42)

Accordingto Nalbandyan,14 the Doppler shift causedby a change
of the local sound speed is

x d 2keU (43)

which may also be written as

fd (2 fe /c)U (44)

where fd and fe are the Doppler shifted frequency and radar wave
frequency, respectively, both in hertz, and U is the local vortex
velocity componentin the transmitterdirection.A resolutionat least
equal to the Doppler shift is required. Thus,

(2 fe / c)U M fe / r N (45)

or

N Mc/2U r (46)

The number of grid points per wavelength M is usually taken to
be 10–15. Therefore, in order to detect a vortex wake velocity with
a resolution of 0.1 m/s requires that

N
10 3 108

2 0.1
1.5 1010 samples

This assumes that r 1.
This number of samples is not feasible, simply because it would

take several months of CPU time to collect 1.5 1010 samples even
on the fastest available multiprocessorcomputers. Recall that there
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is a � nite computational time required to obtain each time sample.
Furthermore,usuallya resolutionof at least10–50 times theDoppler
shift is desired.

A possible way to overcome this dif� culty is to notice that the
number of required samples given by Eq. (46) is linearly propor-
tional to the speed of light. Therefore, if a � ctitious speed of light
(e.g., 3 105 m/s instead of 3 108 m/s) is used in the simulation,
it is possible to apply an explicit scheme and obtain time-accurate
results in a reasonableCPU time. In the “Results” section it will be
shown that all of the essential characteristics of the received scat-
tered � eld can be captured using such a � ctitious speed of light.

B. Equations for the Demodulated Scattered Field
Another way to make the RASS simulation computationallyfea-

sible is to try to remove the incident electromagneticfrequencyand
recast the governingequation (18) in terms of the modulation of the
carrier frequency. To do so, one can write

Es Es e
i x e t (47)

where x e is the frequencyof the incidentelectromagneticwaves and
Es is the scattered electromagnetic� eld after removal of the carrier
frequency.Substitution of Eq. (47) into Eq. (18) yields

Fig. 2 Effect of CFL number on the maximum value of the ampli� ca-
tion factor.

Fig. 3 Effect of CFL number on ampli� cation factor: ——, j ¸1 j ; and – – – , j ¸2 j .

( Es )
2Es

1
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@2Es

@t 2

2i x e
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@Es

@t

x 2
e

c2
Es

l e i x e t @2

@t2
( D ²Ei ) (48)

The frequency content of Es is of the order of the acoustic fre-
quency, which is signi� cantly lower than the incident electromag-
netic frequency. Therefore, a substantially lower sampling rate is
required to reveal this frequency according to the Nyquist crite-
rion. A lower sampling rate means a higher time step, which leads
to a higher CFL number. The maximum allowable CFL number
is restricted by the stability criterion for explicit schemes. Implicit
scheme may be used to overcome this dif� culty. A higher CFL
number also improves the resolution of the fast Fourier transform
substantially according to Eq. (42) for a given number of samples.

A simplevonNeumannstabilityanalysisshowsthat foran explicit
second-ordercentraldifferenceapproximationthe one-dimensional
Maxwell solver is stable if CFL 1. Because the speed of light
is constant, CFL 1 gives a nondispersive, nondissipative scheme
independent of phase angle.

More interesting results are obtained from a considerationof the
governing equation after demodulation. In this case the governing
equation is a partial differentialequation with complex coef� cients.
Figures 2 and 3 show the results of a stability analysis of the dis-
cretized form of Eq. (48). For this analysis an implicit second-order
central difference approximation in both time and space is used.
Figure 2 shows the maximum absolute value of the eigenvalues
as a function of CFL number. It can be seen from the � gure that
the modes associated with k 2 are stable as Max k 2 is less than 1
for all CFL numbers. In fact, Max k 2 monotonically decreases as
the CFL number increases.On the other hand, the modes associated
with k 1 are unstableup to CFL numberabout1000, and then become
stable.

In Fig. 3 the absolutevalue of the eigenvaluesof the ampli� cation
matrixhavebeenplottedas a functionof thephaseanglefordifferent
CFL numbers.It canbe seenfromthe � gure that the schemeis highly
dissipativefor large CFL numbers. A similar calculationshows that
the schemeis alsodispersivefor largeCFL numbers.This means that
for high CFL numbers the results will not be time accurate.A highly
dispersiveschemewill change thephaseangle,wave form, andwave
speed of the solution. However, the frequency of the wave remains
the same if thegoverningdifferentialequationsare linear.Therefore,
the solutionis frequencyaccurate, the onlyfactor that matters for the
RASS application. An elegant aspect of RASS lies in the fact that



1102 BOLURIAAN AND MORRIS

the wake vortex velocity information is embedded in the Doppler
shift, and not in the amplitude or phase of the backscatteredsignal.

IV. Results
A. Parallel Performances

The code is written in Fortran 90 with the message passing in-
terface as the parallel implementation. It is portable to several plat-
forms, and it has been tested successfully on an IBM SP2, an SGI
Power Challenge,and a PC Cluster runningunder a Linux operating
system. A two-dimensional domain decomposition is used.

The Euler solver calculates the pressure perturbationat each grid
point. These pressure perturbations have to be transferred to the
Maxwell solver in order to determine the permittivity � uctuations
at each grid point and at each time step. This could be very costly,
if it requiresprocessor-to-processor communications.To avoid this,
the Maxwell and Euler solvers share the same grid points on each
processor. The message passing is then only performed along the
processors’boundaries,which minimizes the communication time,
and therefore makes the code more scalable.

The scalability of the code has been examined on two different
platforms. Figure 4 shows the scalability results. As is clear from
the � gure, the code is nearly perfectly scalable on both platforms
for the number of processors considered.

Fig. 4 Parallel performance on different computer platforms.

a)

c)

e)

b)

d)

f)

Fig. 5 Effect of Bragg condition on the scattered � eld: a) ¸e /¸a = 1:5, b) ¸e/¸a = 1:9, c) ¸e/¸a = 1:95, d) ¸e/¸a = 2:0, e) ¸e/¸a = 2:05, and f) ¸e/¸a = 2:1.

B. Effect of Bragg Condition
Figure 5 shows the effect of the Bragg condition on the scattered

� eld. In theseresults themean � owvelocityis zero,anda continuous
incident electromagneticwave has been used. As one can see from
the � gure, even a very small deviation from the Bragg condition
leads to a signi� cant effecton the scattered� eld.Figure 5 also shows
that for a one-dimensional Maxwell simulation forward scattering
is negligible compared to backscattering.

C. Model Problem for Uniform Mean Flow
A uniform mean � ow is used to validate the code. For uniform

mean � ow the Euler equations can be solved analytically, and only
the Maxwell equationsneed to be solved numerically.A continuous
electromagnetic incident � eld and an acoustic pulse, approximately
equal to three acoustic wavelengths,are considered.The mean � ow
velocity is chosen to be 50 m/s. The code is run for implicit and
explicit cases.

In the explicit case a � ctitious speed of light equal to 3 105 m/s
and an electromagnetic incident frequency equal to 900 kHz are
considered.The incidentacousticfrequencyis chosenappropriately
to meet the Bragg condition. The power spectrum of the simulated
scattered signal is shown in Fig. 6. The frequency resolution in
this plot is 21.572 Hz, which corresponds to 3.595 m/s. This is the
minimum frequency difference (or velocity difference) that can be
resolved from this spectrum. The power spectrum resolution can be
improved further using zero padding. The tradeoff is the spurious
side lobes that grow as the number of added zeros increases. The
Doppler shift given by the spectrum in Fig. 6 equals 2340.8 Hz,
of which 2040 Hz is caused by the local sound speed and 300.8 is
caused by the vortex velocity contribution. The frequency shift of
300.8 Hz corresponds to 50.133 m/s for the given conditions. The
difference between the velocity that calculated from the Doppler
shift and the exact value of the mean � ow velocity is within the
resolution of the Fourier transform. The power spectrum level in
Fig. 6 is arbitrary.

Figure 7 shows the power spectrum of the scattered signal ob-
tained from a solution of the demodulated equation. The incident
electromagnetic frequency in this case is taken to be 900 MHz,
and the governing differential equation is solved using an implicit
scheme with a large time step. The incident acoustic frequency
equals 2040 Hz in order to satisfy the Bragg condition. The in-
cident acoustic frequencyis also shown in the � gure. The resolution
in this plot is the same as in Fig. 6. The Doppler shift in the spectrum
corresponds to a mean � ow velocity equal to 51.884 m/s. The accu-
racy of this measured velocity is also within the Fourier transform
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Fig. 6 Power spectrum of the simulated scattered signal in uniform
mean � ow.

Fig. 7 Power spectrum of the simulated scattered signal in uniform
mean � ow after removal of the carrier frequency.

resolution. Although in this case a large CFL number and a highly
dissipative scheme is used, the mean � ow velocity is obtained with
the same accuracy as the explicit scheme.

D. Combined Euler and Maxwell Simulation Results
Figure 8 shows the computational domain for the direct com-

putation of a RASS. The vortex core radius is chosen to be 10k a ,
which is a typical size for aircraft wake vortices.An acoustic source
is located at a distance equal to 38k a from the vortex center. The
scattered electromagneticsignal is sampled 1.5 k a above the source.
The layout representsa monostaticRASS con� guration with a very
narrow beam radar transmitter.

For the implicit scheme the code is run for the typical operating
values that are used in practice. The incident electromagnetic fre-
quency is taken to be 900 MHz. This gives an acoustic wavelength,
to meet the Bragg condition, of 0.167 m, which corresponds to an
acoustic frequency of 2040 Hz.

The code is run for differentpositionsof the incident radar beam,
from within to the outside the vortex core. Figure 9 shows a typical
backscattered electromagnetic signal for a Taylor vortex. In this
particular � gure the incident EM beam is 12.5k a away from the
vortex center in the x direction. This time series data carry vortex
velocity information in the direction of the incident radar beam. To
extract this information,the signal is dividedinto a numberof slices,
and the power spectrumof each slice is calculated.The Dopplershift
associated with the power spectrum of each slice gives the vortex
velocity that corresponds to the location from which this particular
slice came (for example, point Y in Fig. 8). It is then necessary to
relate the signal arrival time to the position Y :

Fig. 8 Computational domain.

Fig. 9 Backscattered EM signal from Taylor vortex. The incident EM
beam is 12:5¸a away from the vortex center in the x direction.

arrival time t0 tAC tEM

where t0 is thepulsedelaytime, tAC the time requiredfor the acoustic
pulse to reach to the position Y , and tEM the time required for the
EM scattered signal to return to the receiver from position Y .

The pulse delay time is a prespeci� ed value in the code and is
known. tEM can be easily calculated because the electromagnetic
wave speed is constant within the solution domain:

tEM [(Y YR )/ c] (49)

tAC depends on the local sound speed and local vortex velocity, and
the latter is unknown beforehand. To overcome this dif� culty, tAC

is determined � rst assuming no mean � ow, and then, based on the
calculated vortex velocity, tAC is adjusted. This process could be
repeatedany number of times. However, the numerical experiments
show that the adjustments after the � rst correction are very small.

Figure 10 shows the vortex velocity pro� le for the data set of
Fig. 9. In this � gure the vertical axis represents the vortex velocity
component in the transmitter direction. This velocity is normalized
by the vortex core velocity. The solid line shows the exact velocity
pro� le. The trianglesand circles representthe vortex velocitybefore
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Fig. 10 The y component of the wake vortex velocity pro� le for a
Taylor vortex. The incident EM beam is 12:5¸a away from the vortex
center in the x direction: ——, exact; n , � rst RASS simulation; and ,
corrected RASS simulation.

Fig.11 The ycomponentofthewake vortexvelocity pro� le fora Taylor
vortex. The incident EM beam is 8¸a away from the vortex center in
the x direction: ——, exact; , implicit; and £ £ , explicit.

and after the adjustment of tAC, respectively. In this particular plot
each slice of the time series consists of 40,000 samples, which cor-
responds to 0.0028 s. For the given operating condition this period
of time covers a distance between 0.952–1.166 m depending upon
the mean � ow. In otherwords, each circle in Fig 10 shows the vortex
velocity averaged over a distance roughly equal to 1 m.

In the explicit case with a � ctitious speed of light, the speed of
the electromagneticwave is chosen to be 3 105 m/s. The incident
EM frequencyis reducedto 900 kHz to keep the EM wavelength the
same as in the implicit case. The acousticfrequencyand wavelength
remain unchanged. Then the Bragg condition is met.

Figures 11–14 show the vortex velocity component in the trans-
mitter direction along different radar beam locations and for both
Taylor and Oseen vortices. In each plot the solid line shows the ex-
act velocity pro� le. The results of the explicit and implicit RASS
simulations are also shown. It can be seen that both schemes follow
the exact pro� le with very good accuracy.The error associatedwith
these results are within the resolution of the Fourier transform.

E. Application of the Abel Transform
In this section the Abel transform is applied to the results of both

explicit and implicit schemes in order to retrieve the radial pro� le of
the wake vortex tangential velocity. First, the velocity pro� le along
the different locations of the incident radar beam is determined. In
practice, this could be interpreted as a change in the relative vortex

Fig.12 The ycomponentofthewake vortexvelocity pro� le fora Taylor
vortex. The incident EM beam is 20¸a away from the vortex center in
the x direction: ——, exact; , implicit; and £ £ , explicit.

Fig. 13 The y component of the wake vortex velocity pro� le for an
Oseen vortex. The incident EM beam is 8¸a away from the vortex center
in the x direction: ——, exact; , implicit; and £ £ , explicit.

Fig. 14 The y component of the wake vortex velocity pro� le for an
Oseen vortex. The incident EM beam is 20¸a away from the vortex
center in the x direction: ———, exact; , implicit; and £ £ , explicit.
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Fig. 15 Radial variation of the wake vortex tangential velocity for a
Taylor vortex: ——, exact; , implicit; and £ £ , explicit.

Fig. 16 Radial variation of the wake vortex tangential velocity for an
Oseen vortex: ——, exact; , implicit; and £ £ , explicit.

location caused by convection of the wake vortex. The results are
a series of plots similar to Figs. 11–14. Then Q(x ) is calculated
from Eq. (35). In fact, Q(x ) is nothing but the area under the vortex
velocity pro� le curve along any given radar beam location. Finally,
Q(x ) is substitutedinto Eq. (38), and the radialwake vortexvelocity
distribution V (r ) is determined.

Figures 15 and 16 show the results of the Abel transform ap-
plication for Taylor and Oseen vortices, respectively. As is clear
from these � gures, both implicit and explicit schemes reconstruct
the vortex velocity pro� le with very good accuracy.

V. Conclusions
In this paper numerical simulations have been used to demon-

strate that a RASS can determine the tangential velocity pro� le in
a wake vortex as well as its location relative to the RASS transmit-
ter and receiver. This has been achieved by analyzing the spectrum
of the scattered electromagnetic signal in short time slices. These
spectra provide the Doppler shift in the spectrum that determines
the component of the vortex tangential velocity in the direction of
the transmitter and the distanceof that velocityvalue from the trans-
mitter/receiver location.

To obtain results from the numerical simulations in a realistic
computationaltime, two differentapproacheshavebeenused. In the
� rst the actual electromagnetic wave propagation speed has been
replaced with a much lower value. This allows an explicit, time-
accurate numerical scheme to be used. In the second a solution is
obtained for the demodulated scattered signal. An implicit numeri-
cal method can then be used, and very large time steps can be taken.
The latter method does not provide a time-accuratesolutionbecause

of the highly dissipativenature of the numerical scheme, but it does
contain the frequency information necessary to determine the vor-
tex velocity and location.Neither of these approximationswould be
required in a real-time application of the technique where the scat-
tered signal is the result of a physicalprocessrather than a numerical
simulation. However, the present results provide the framework for
the real-time signal analysis.

A number of other simpli� cations have been made, in addition to
those just describedthat are related to numerical issues.For simplic-
ity, the vortex axis has been assumed to be normal to the direction
of the RASS transmitter/receiver. This enables a two-dimensional
simulation to be performed to describe the acoustic propagation
problem. This will likely not be the case in reality where the vortex
core may wander. However, suitable placement of the RASS rela-
tive to the glide path can make this inaccuracy less of an issue. In
addition,the presentelectromagneticsimulation is one-dimensional
and uses the permittivity results from the acoustic simulation along
single lines. This is equivalent to assuming that the RASS transmit-
ter and receiver have very narrow beams. In reality there will be a
� nite width to the transmitter beam and a � nite capture angle for
the antenna. The effect of these � nite beam widths is the subject of
ongoing study, but it is unlikely to change the principal conclusions
of the present work.

The use of RASS for wake vortex detection offers considerable
promise for practical incorporation into an aircraft vortex spacing
system. It is an all weather device and relatively inexpensive com-
pared to laser-based systems. In this paper we have provided a de-
tailed simulation of the manner in which a RASS operates and have
shown how it can provide quantitative descriptions of the vortex
strength and location.
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